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a b s t r a c t
Complex financial instruments with multiple state variables often have no analytical
formulas and therefore must be priced by numerical methods, like lattice ones. For pricing
convertible bonds and many other interest rate-sensitive products, research has focused
on bivariate lattices for models with two state variables: stock price and interest rate. This
paper shows that, unfortunately, when the interest rate component allows rates to grow in
magnitude without bounds, those lattices generate invalid transition probabilities. As the
overwhelming majority of stochastic interest rate models share this property, a solution
to the problem becomes important. This paper presents the first bivariate lattice that
guarantees valid probabilities. The proposed bivariate lattice grows (super)polynomially
in size if the interest rate model allows rates to grow (super)polynomially. Furthermore,
we show that any valid constant-degree bivariate lattice must grow superpolynomially in
size with log-normal interest rate models, which form a very popular class of interest rate
models. Therefore, our bivariate lattice can be said to be optimal.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The pricing of financial instruments with two or more state variables has been intensively studied. The added state
variables besides the underlying asset’s price can be volatility [1,2] or interest rate (see [3,4], among others). (The underlying
asset will be assumed to be stock for convenience in this paper.) For example, the values of interest rate-sensitive securities
such as callable bonds and convertible bonds (CBs) depend strongly on interest rates. (A CB entitles the holder to convert it
into stocks.) Because interest rates do not stay constant in the real world, a general model typically incorporates a stochastic
interest rate component. But complex financial instruments with multiple state variables often have no analytical formulas
and thus must be priced by numerical methods, such as lattice ones. This paper studies bivariate lattices with a stock price
component and an interest rate component. Such lattices canbeused to price CBs, andother interest rate-sensitive securities.
A stochastic interest rate model performs two tasks. First, it provides a stochastic process that defines future term struc-
tures. A term structure defines bond yields as a function ofmaturity. Second, themodel should be able tomatch the observed
term structure. There are two approaches to modeling interest rates: the equilibrium model and the no-arbitrage model.
Equilibriummodels usually start with assumptions about economic variables and derive a process for the interest rate [5,6].
Equilibrium models are faced with two difficulties: (1) they usually require the estimation of the market price of risk, and
(2) they cannot fit the observed market term structure. No-arbitrage models, in contrast, are designed to be consistent with
the market term structure [7]. This paper focuses on log-normal interest rate models such as the Black–Derman–Toy (BDT),
Black–Karasinski, and Dothan models [8–10]. These models follow the log-normal interest rate process. The popularity of
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log-normal models arises from the fact that negative interest rates cannot arise, in contrast to the case for normal models
such as the Hull–White model [11,12]. In particular, this paper adopts the BDT model, which has been extensively used
by practitioners and researchers alike, to explain the main ideas of our bivariate lattice approach [13–15]. We remark that
our techniques work for all short rate models, which describe the dynamics of the short rate. Both the BDT model and the
Hull–White model describe the short rate dynamics.
Using the BDT model, Hung and Wang propose a bivariate binomial lattice for pricing CBs [16]. The lattice’s size is cubic
in the total number of time steps. Chambers and Lu extend it by including a correlation between the stock price and interest
rate [17]. In both cases, the interest rate model is the log-normal BDT model. Hilliard et al. propose a cubic-sized bivariate
binomial lattice with a normal interest rate model such as the Hull–White model [18]. Unfortunately, this paper shows that
above-mentioned works all share a fundamental flaw: invalid transition probabilities. In other words, their lattices cannot
grow beyond a certain time without encountering invalid transition probabilities. The reason is briefly that interest rates
growwithout bounds in the BDTmodel (which grows superpolynomially inmagnitude) and in theHull–Whitemodel (which
grows polynomially inmagnitude). Thismakes the nodes on their lattices associatedwith high interest rates unable tomatch
the desired moments with valid probabilities. We remark that interest rates in the overwhelming majority of interest rate
models do not have a priori bounds on their magnitudes. Hence our results are extremely general.
This paper proposes the first bivariate lattice that guarantees valid transition probabilities. Like those of others, our
bivariate lattice has two components: a stock price component and an interest rate component. For the interest rate
component, a binomial interest rate lattice for the BDT model is adopted. (Again, the choice of BDT is for illustration only;
the techniques can be used for any short rate models.) For the stock price component, a trinomial lattice is put in place with
the help of mean-tracking techniques [19,20]. We then combine the two lattices in such a way that
(1) the bivariate lattice is free of the invalid transition probability problem;
(2) the bivariate lattice grows (super)polynomially in size if the interest rate model allows rates to grow (super)poly-
nomially;
(3) our bivariate lattice is optimal for log-normal interest rate models.
Two findings in the paper are unexpected. It is usually considered routine to build a bivariate lattice froma lattice for stock
price and a lattice for interest rate. Furthermore, the resulting bivariate lattice is often thought to be of polynomial sizewhen
its lattice components are. This paper proves both beliefs to be unfounded. First, the resulting bivariate lattice obtained by the
popular method of combining two individual lattices is usually invalid in that invalid transition probabilities will eventually
arise. Second, any valid constant-degree bivariate lattice has to grow superpolynomially when the interest rate component
allows rates to grow superpolynomially in magnitude. This holds even if both lattice components are polynomial in size!
Our paper is organized as follows. Themathematical models are introduced in Section 2.We review how to construct the
standard binomial lattice for the stock price and the BDT binomial lattice for the interest rate in Section 3. Also proved there is
the invalid transition probability problem for bivariate lattices popular in the literature. Section 4 describes themethodology
for our proposed bivariate lattice. Section 5 first proves the size of our bivariate lattice and its optimality when the interest
rate model is log-normal. Section 6 concludes the paper.
2. Modeling and definitions
2.1. The stock price dynamics
Define St as the stock price at time t . The risk-neutralized version of the stock price log-normal diffusion process is
dS
S
= rdt + σdz, (1)
where r is the risk-free rate, σ is the volatility of the stock price process, and the random variable dz is a standard Brownian
motion [21]. Eq. (1) has the following unique solution [22]:
St = S0e(r−σ 2/2)t+σ z(t). (2)
2.2. The interest rate dynamics
In this paper, we use the BDT model for the interest rate component (but our techniques apply to all short rate models).
In the BDT model, the short rate r follows the stochastic process:
d ln r = θ(t)dt + σr(t)dz, (3)
where θ(t) is a function of time that makes the model fit the market term structure, σr(t) is a function of time and denotes
the instantaneous standard deviation of the short rate, and dz is a standard Brownian motion [8]. The BDT model is log-
normal in that the distribution of the short rate at any time has a log-normal distribution. As a result, this model and the
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Fig. 1. The CRR lattice. The initial stock price is S0 . The upward and downward multiplicative factors for the stock price are u and d, respectively. The
transition probabilities are Pu and Pd = 1 − Pu . The log-distance between two adjacent stock prices at any given time step is 2σ
√
1t , where 1t is the
length of a period.
log-normal model for the stock price in Eq. (1) have similar lattice structures, as we shall see shortly. Recall that the short
rate in the popular normal model, the Hull–White model, follows
dr = (θ(t)− ar)dt + σr(t)dz,
where a determines the shape of the volatility structure.
3. Preliminaries
3.1. The binomial lattice model
A lattice partitions the time span from time 0 to time T into n periods and specifies the stock price at each time step to
approximate Eq. (1). Assume that the periods are all equal in length. Then the length of a period equals1t ≡ T/n. A popular
lattice is the Cox–Ross–Rubinstein (CRR) binomial lattice [23], which is adopted in the Hung–Wang and Chambers–Lu
bivariate lattices [17,16].
Fig. 1 depicts a three-period CRR lattice. Define the log-distance between stock prices S and S ′ as | ln(S) − ln(S ′)|. The
log-distance between two adjacent stock prices at any given time step on the CRR lattice is 2σ
√
1t . At each time step, the
stock price S can either make an up move to become Suwith probability Pu or a down move to become Sdwith probability
Pd ≡ 1− Pu.
The relation
ud = 1
is maintained by the CRR binomial lattice. As there are j + 1 nodes at time step j in the binomial lattice, it has size∑n
j=0(j + 1) = O(n2). The mean (µ) and variance (σˆ 2) of the logarithmic stock return ln(St+1t/St) can be derived from
Eq. (2) as
µ ≡ r − σ 2/21t, (4)
σˆ 2 ≡ σ 21t. (5)
The following four parameters of the CRR lattice match the above mean and variance asymptotically:
u = eσ
√
1t , (6)
d = e−σ
√
1t , (7)
Pu = e
r1t − d
u− d , (8)
Pd = e
r1t − u
d− u . (9)
The requirements 0 ≤ Pu, Pd ≤ 1 can be met as long as n ≥ r2T/σ 2 [24]. The lattice converges to the continuous-time
model (1) as n increases [25].
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Fig. 2. The BDT binomial interest rate lattice. The rates converge to the log-normal distribution. The rates r1, r2, r3, r4 are the baseline rates. Note that the
applicable rate in period 1 is r1 , those in period 2 are r2 and r2v2 , etc.
3.2. The BDT binomial interest rate lattice
An array of yields of zero-coupon bonds at various maturities and an array of short rate volatilities for the same bonds
constitute the inputs to the BDT model [26]. A coupon bond with cash flow Ci at time ti can be thought of as a package
of zero-coupon bonds, which pay the face value Ci at time ti and nothing otherwise. So we assume the yields are those of
zero-coupon bonds for simplicity.
From the term structure of yields and the term structure of volatilities, a procedure called calibration constructs a
binomial lattice like the one in Fig. 2 consistent with the term structures for approximating Eq. (3) [27]. Each branch has a
50% chance of being taken in a risk-neutralized economy (i.e., the probability for each branch is 1/2). An interest rate at a
node is applicable to the ensuing period. In general, there are j possible rates (which are applicable to period j) at time step
j− 1:
rj, rjvj, rjv2j , . . . , rjv
j−1
j , (10)
where
vj = e2σj
√
1t (11)
is the multiplicative ratio for the rates at time step j − 1, rj are called baseline rates, and σj is the annualized short rate
volatility in period j. The subscript j in σj emphasizes that the short rate volatilities may be time dependent. Clearly, the BDT
binomial lattice has size
∑n
j=0(j + 1) = O(n2). The lattice converges to the continuous-time model (3) as n increases [28].
The dynamic range of interest rates at time step j− 1 is defined as the difference between the maximum rate rjvj−1j and the
minimum rate rj:
rjv
j−1
j − rj.
3.3. A standard way to build bivariate lattices
A bivariate lattice is usually built from two lattices, one for the stock price and another for the interest rate, in the
following way. Each node in a bivariate lattice at time step j is a state that pairs a stock price from the stock price lattice with
an interest rate from the interest rate lattice, both at time step j. Clearly, if at time step j there are k nodes on the lattice for
the stock price and m nodes on the one for the interest rate, the bivariate lattice has km nodes at time step j, one for each
state. For instance, the bivariate lattice built from the CRR lattice and the BDT binomial lattice used by Hung andWang [16]
and Chambers and Lu [17] has size
∑n
j=0(j + 1)2 = O(n3), consistently with their claims. Assume the interest rate process
and the stock price process are independent. Then the transition probabilities can be obtained by multiplying the transition
probabilities of the BDT binomial lattice (i.e., 1/2 and 1/2) with those of the CRR lattice (i.e., Pu and Pd). If there is correlation
between the two processes, the transition probabilities can be obtained by orthogonalization [18]. Somewhat surprisingly,
the next subsection proves that the above standard routine, though seemingly correct, is misguided.
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Fig. 3. The trinomial lattice. In a period with a duration of1t , the stock price can move from node X to node Awith probability Pu , node Bwith probability
Pm , and node C with probability Pd . Above,µ denotes the mean of the s(X)-log-price of St+1t (recall Eq. (4)). Furthermore, ln(s(B)/s(X)), ln(s(A)/s(X)), and
ln(s(C)/s(X)) are µˆ, µˆ+ 2σ√1t , and µˆ− 2σ√1t , respectively.
3.4. The invalid transition probability problem
The above-mentioned way to integrate two valid lattices may result in an invalid bivariate lattice. The argument is
surprisingly simple. Assume no correlation between stock price and interest rate. The transition probabilities for the stock
price are the Pu and Pd in Eqs. (8) and (9) given the prevailing interest rate r . The no-arbitrage requirements 0 ≤ Pu, Pd ≤ 1
are equivalent to
d < er1t < u. (12)
Because E[St+1t/St ] = er1t , inequalities (12) say the top and bottom branches of a node at time t must bracket the mean
stock price of the next time step, at time t+1t . Note that u and d are independent of r in inequalities (12) (recall Eqs. (6) and
(7)). As the maximum r grows without bounds, like in the BDT and Hull–White models, inequalities (12) will break quickly.
When this happens, the probabilities Pu and Pd will lie outside [0, 1]. This is the reason for the invalid transition probability
problem shared by such popular bivariate lattices as proposed by Hung and Wang [16], Chambers and Lu [17], and Hilliard
et al. [18]. And in fact, any bivariate lattice which allows interest rates to grow without bounds shares the same problem
because er1t will breach the lower bound d or the upper bound u in inequalities (12), eventually. This can happen either
because n is large enough or because the maturity of the bond is long enough.
The argument also suggests a solution: make the top and bottom branches bracket the mean stock price. Details of
our solution will be presented later. It is worth mentioning that the popular Ritchken–Trevor trinomial lattice for GARCH
models [29] shares the same problem except that, in their case, volatility plays the role of the interest rate [20].
Suppose the correlation ρ between the stock price and interest rate is not zero. The transition probabilities for the stock
price are Pu = p+√p(1− p)ρ and Pd = 1− Pu, where p = (er1t − d)/(u− d). The transition probabilities will be complex
numbers if inequalities (12) break.
4. A valid bivariate lattice
We now present a valid methodology for constructing bivariate lattices. The bivariate lattice has two components: stock
price and interest rate. As mentioned earlier, the interest rate component will follow the BDT binomial lattice (but the
techniques apply to all short rate models). The stock price component will be the trinomial lattice with the nodes placed as
the CRR lattice. To guarantee valid transition probabilities, the top and bottom branches from every node must bracket the
mean stock return. We next show how this can be accomplished by making the middle branch of the trinomial structure
track that mean.
Let the stock price of node Z be s(Z). Define the S-log-price of the stock price S ′ as ln(S ′/S). Given a node X at time t and
nodes at time t + 1t , the mean (µ) and variance (σˆ 2) of the s(X)-log-price of St+1t can be obtained from Eqs. (4) and (5),
respectively. Recall the log-distance between stock prices S and S ′ is | ln(S)− ln(S ′)|. The log-distance between two adjacent
nodes at time t +1t will be 2σ√1t as in the CRR lattice.
The nodewhose s(X)-log-price (µˆ) is closest toµ among all the nodes at time t+1t will be the destination of themiddle
branch of node X . It appears as node B in Fig. 3. This idea is called mean-tracking by Lyuu and Wu [20]. The s(X)-log-price
of node B lies in the interval ( µ − σ√1t, µ + σ√1t ] by construction. The two nodes A and C flanking node B are the
destinations of the other two branches from node X . The three transition probabilities Pu, Pm, and Pd for reaching nodes A, B,
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Fig. 4. The trinomial tree for the stock price. Above, d(ℓ) denotes the number of stock prices spanned by the highest stock price and the lowest one at time
step ℓ. The log-distance between two adjacent stock prices at any given time step is 2σ
√
1t , and the length of a period is 1t . As will be defined later in
Section 5, R1 = ln(s(B)/s(A)), R1 = ln(s(C)/s(A)), µ1 = r2v2 − σ 2/(2n), µ1 = r2 − σ 2/(2n), andM2 = (µ1 + R1)− (µ1 + R1).
and C can be obtained by matching the mean and variance of the s(X)-log-price of St+1t . In particular, they can be derived
by solving the following equalities:
Puα + Pmβ + Pdγ = 0, (13)
Pu(α)2 + Pm(β)2 + Pd(γ )2 = σˆ 2, (14)
Pu + Pm + Pd = 1, (15)
where
β ≡ µˆ− µ,
α ≡ µˆ+ 2σ√1t − µ = β + 2σ√1t,
γ ≡ µˆ− 2σ√1t − µ = β − 2σ√1t,
µˆ ≡ ln(s(B)/s(X)).
In the above equations, β , α, and γ are the distances between µ and the s(X)-log-prices of s(B), s(A), and s(C), respectively
(see Fig. 3). Note that
− σ√1t < β ≤ σ√1t. (16)
The above procedure is guaranteed to yield valid probabilities [19]. Clearly, the methodology can be generalized to handle
k-ary lattices for any k > 3.
Fig. 4 depicts a two-periodmean-tracking trinomial lattice for the stock price. Let d(ℓ) denote the number of stock prices
spanned by the highest stock price and the lowest one at time step ℓ; for example, d(0) = 1, d(1) = 3, and d(2) = 6 in
Fig. 4. Observe that Fig. 4 stacks nodes on the bivariate lattice with the same stock price (they are circled). So d(ℓ) counts
the number of such circles at time step ℓ.
Recall that each node in a bivariate lattice corresponds to a bivariate state with a stock price and an interest rate.
Therefore, there are k + 1 nodes in a stack of nodes at time step k because there are k + 1 rates at time step k. (Some
of themmay not be reachable from the root, such as the white node in circle Z in Fig. 4.) As the trinomial stock price lattice
and the BDT binomial lattice are integrated to build our bivariate lattice, there are 2×3 = 6 branches per node as illustrated
in Fig. 5. Node X at time step t has six branches, to nodes A, B, C , D, E, and F at time step t + 1. Whether the branches from
all the nodes as a whole constitute a polynomial-sized lattice or a superpolynomial-sized lattice is the subject of the next
section.
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Fig. 5. The bivariate lattice. The node X at time step t has six branches leading to nodes A, B, C , D, E, and F at time step t + 1. Let Si,j denote the jth highest
stock price at time step i. The stock price and the interest rate at node X are St,x and rt+1vkt+1 , respectively. The stock price at nodes A and D is St+1,y , that
at nodes B and E is St+1,y+1 , and that at nodes C and F is St+1,y+2 . The interest rate at nodes A, B, C is rt+2vk+1t+2 , and that at nodes D, E, F is rt+2v
k
t+2 .
Fig. 6 plots the values of a CB generated by Chambers and Lu’s algorithm [17] and our bivariate lattice as functions of n.
The parameters are from their paper. The values calculated by Chambers and Lu’s algorithm for n > 193 are not plotted
because of invalid transition probabilities. Moreover, if the short rate volatility is raised from 0.1 to 0.2, the invalid transition
probability problem starts to occur at n = 28 for their lattice. In contrast, all transition probabilities in our bivariate lattice
are valid regardless of n. Furthermore, the numerical convergence of our bivariate lattice is stable as shown in the figure. In
contrast, because of small n’s, little can be said about the numerical convergence of Chambers and Lu’s lattice.
Before we close this section, let us go through a few numerical examples to demonstrate how inequalities (12) can
be violated by Chambers and Lu’s algorithm. In Fig. 7(a), following the CRR binomial structure adopted by Chambers and
Lu’s lattice, the transition probabilities for node X are invalid (Pu = 1.1114 and Pd = −0.1114) as er11t = 1.1275 >
u = 1.1052, violating inequalities (12). In contrast, our lattice generates valid transition probabilities for node X as shown
in Fig. 7(b). Inequalities (12) will be violated on some node in Chambers and Lu’s lattice with n sufficiently large. Take
the lattice with n = 194 in Fig. 6 as an example. Although inequalities (12) are satisfied at the first time step with
r1 = 5.68% : e−0.350836
√
6/194 < e0.0568×6/194 < e0.350836
√
6/194, the largest interest rate at time step 194, r194υ193, is 202.1%,
and inequalities (12) no longer hold as e2.0210×6/194 = 1.0645 > e0.350836√6/194 = 1.0636. As a result, the transition
probabilities for all the stock prices associated with this interest rate will be invalid.
5. Complexity of bivariate lattices
5.1. The size of our bivariate lattice
The size of our bivariate lattice is the focus of this subsection. For a binomial interest rate lattice, there are j + 1 nodes
at time step j. Suppose there are k nodes at time step j on the trinomial lattice for the stock price. Then the bivariate lattice
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Fig. 6. Prices of a CB. The dotted and solid lines represent the values of the CB generated by Chambers and Lu’s algorithm and our bivariate
lattice, respectively. The parameters: the initial stock price S0 = 15.006, the volatility of the stock price process σ = 0.350836, the maturity
T = 6, the face value of the bond F = 100, the conversion ratio C = 5.07524, annualized yields of zero-coupon bonds for 1 to 6 years
[ 0.05969, 0.06209, 0.06373, 0.06455, 0.06504, 0.06554 ], annualized short rate volatilities all set to 0.1, and ρ = 0.
a b
Fig. 7. A numerical example for lattices with one time step. The parameters: the initial stock price S0 = 100, the volatility of the stock price process σ = 0.1,
the maturity T = 1, the annualized yield of a one-year zero-coupon bond r1 = 0.12, and the number of time steps n = 1. The mean and variance of
the logarithmic stock return are µ = (0.12 − 0.12/2) × (1/1) = 0.115 and σˆ = 0.12 × (1/1) = 0.01, respectively (see Eqs. (4) and (5)). In Fig. 7(a),
the upward and downward multiplicative factors for the CRR lattice in Chambers and Lu’s algorithm are u = e0.1√1/1 = 1.1052 and d = 1/u = 0.9048,
respectively, whereas the transition probabilities Pu = 1.1114 and Pd = −0.1114 are calculated by using Eqs. (8) and (9). In Fig. 7(b) the parameters for
calculating the transition probabilities in our lattice are µˆ = ln(100/100) = 0, β = 0− 0.115 = −0.115, α = −0.115+ 2× 0.1×√1/1 = 0.085, γ =
−0.115− 2× 0.1×√1/1 = −0.315; the transition probabilities Pu = 0.5778, Pm = 0.4194, Pd = 0.0028 are obtained by solving Eqs. (13)–(15).
has (j+ 1)k nodes at time step j. Therefore, the total node count of the bivariate lattice is
n−
j=0
(j+ 1)d(j). (17)
Fix the maturity T = 1 for simplicity. Let µj−1 denote the mean of the logarithmic stock return one time step from the
nodes with the largest interest rate at time step j− 1, i.e.,
µj−1 = rjvj−1j −
σ 2
2n
= rje2(j−1)σj/
√
n − σ
2
2n
for j = 1, 2, . . . , n+ 1 (recall Eq. (4)). Fig. 4 shows that d(0) = 1, d(1) = 3, and
d(2) = d(1)+ 1+ µ1 + β + 2σ/
√
n− σ/√n
2σ/
√
n
.
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By inequalities (16), we know that
d(2) ≤ d(1)+ 2+ µ1
2σ/
√
n
= d(1)+ 2+ n0.5 µ1
2σ
.
Inductively,
d(j) ≤ d(1)+ 2(j− 1)+ n0.5
j−1
k=1
µk
2σ
= 1+ 2j+ n0.5
j−1
k=1
µk
2σ
. (18)
Theorem 5.1. Our bivariate lattice grows (super)polynomially in size if the interest rate model allows rates to grow
(super)polynomially in magnitude.
Proof. If the interest rate model allows rates to grow superpolynomially such as in the BDT model, µj will grow
superpolynomially in magnitude. The d(j) in expression (18) in turn grows superpolynomially. As a result, by Eq. (17), the
size of our bivariate lattice grows superpolynomially. By the same argument, if the interest rate model allows rates to grow
only polynomially like in the Hull–White model [12], our bivariate lattice grows polynomially in size. 
The size of the bivariate lattice depends on the growth of the maximum magnitude of the interest rate model, not the
size of the interest rate lattice. Theorem 5.1 shows that if µj grows polynomially in j, the size of the bivariate lattice will
grow polynomially. For example, if µj grows at O(j2), then d(j) is dominated by n0.5
∑j−1
k=1
µk
2σ by expression (18). It is easy
to check that the size of the bivariate lattice will be O(n5.5).
5.2. A lower bound on lattice complexity
A lower bound on lattice complexity is proved in this subsection. Let Ri and Ri denote the highest and lowest logarithmic
stock returns at the nodes at time step i, respectively. In Fig. 4, R1 is the logarithmic stock return at circle B (i.e., ln(s(B)/s(A)))
and R1 is that at circle C (i.e., ln(s(C)/s(A))). Recall that nodes on the bivariate lattice with the same stock price are circled
in Fig. 4. Geometrically, Ri is associated with the edge with the largest tangent, whereas Ri is associated with the one with
the lowest tangent. Let µ
i
denote the mean of the logarithmic stock return one time step from the nodes with the smallest
interest rate at time step i. Recall that µi is the mean of the logarithmic stock return one time step from the nodes with the
largest interest rate at time step i. In Fig. 4, µ1 is the mean of logarithmic stock returns one time step from the nodes with
the highest interest rate (i.e., r2v2 − σ 2/(2n))—such as the dark-gray node in circle B—and µ1 is that from the nodes with
the smallest one (i.e., r2 − σ 2/(2n))—such as the light-gray one in circle C . Define
Mi ≡ (µi−1 + Ri−1)− (µi−1 + Ri−1). (19)
See Fig. 4 for an illustration.
The next result shows that, in general, adjacent nodes on any stock price lattice in which the length of a period is 1t
must be spaced byΘ(
√
1t) in log-distance.
Lemma 5.2. Under the Black–Scholes model, adjacent nodes on any stock price lattice in which the length of a period is1t must
be spaced byΘ(
√
1t) in log-distance.
Proof. Take any k-ary lattice with k transition probabilities p1, p2, . . ., pk at each node. Let the adjacent destination nodes
of the k branches be spaced byD in log-distance. The variance equals
σˆ 2 =
k−
i=1
pi(si − µ)2 =
k−
i=1
pi(s1 + (i− 1)D − µ)2, (20)
where si denotes the s(X)-log-price of the destination node with the ith smallest stock price following a branch from node X
at time t , andµ denotes the mean of logarithmic stock returns one time step from node X (recall Eq. (4)). Two things should
be proved: (1)D = Ω(√1t) and (2)D = O(√1t). First, ifD = o(√1t) instead, then Eq. (20) must be o(1t) because (a)
k is a constant, (b) (s1 − µ) ≤ (k− 1)D = o(
√
1t), and (c) 0 < pi < 1. But σˆ 2 = Θ(1t) (recall Eq. (5)), a contradiction.
Second, supposeD grows faster than
√
1t . To yield valid transition probabilities, the topmost and bottommost branches
from node X must bracket the mean µ. To match µ, it is necessary that both the sum of the transition probabilities for the
branches above µ (such as the X → C branch in Fig. 4) and that below µ (such as the X → A and X → B branches in
Fig. 4) must be nonvanishing. Select a branch above µwith a nonvanishing probability and a branch below µ likewise. The
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distance between the destination nodes of these two branches is at leastD . Therefore, among the nodes between these two
branches there must exist a node with logarithmic return sj such that sj−µ ≥ D/2 by the pigeonhole principle. By Eq. (20),
σˆ 2 =
k−
i=1
pi(si − µ)2
≥ pj(sj − µ)2
≥ pj(D/2)2.
So ifD grows faster than
√
1t , σˆ 2 grows faster than1t , again a contradiction because σˆ 2 = Θ(1t). 
Theorem 5.3. Under the Black–Scholes model, any valid constant-degree bivariate lattice for stock price and interest rate, in
which the length of a period is1t = Θ(1/n), must have sizeΩ(n1.5(µn−1 − µn−1)).
Proof. By Lemma 5.2, we know that the nodes on the stock price component must be spaced by Θ(1/
√
n), like those in
Hung–Wang, Chambers–Lu, Hilliard–Schwarz–Tucker, and our lattices. Valid transition probabilities entail the mean stock
return from a node being sandwiched between the top and bottom branches. For example, the log-distance between any
destination node of a branch and the mean must be less than 2σ/
√
n for the CRR binomial lattice and 4σ/
√
n for our
trinomial one. Hence the number of stock prices spanned by the nodes at time step i is d(i) = Θ(Mi/(1/√n)). By Eq.
(19),Mi ≥ µi−1 − µi−1 ≥ 0 as ln Ri−1 − ln Ri−1 ≥ 0; hence d(i) = Ω((µi−1 − µi−1)n0.5). Thus the size of a valid bivariate
lattice for the stock price and interest rate is (recall Eq. (17))
n−
j=0
(j+ 1)d(j) ≥
n−
j=1
(j+ 1)c

µj−1 − µj−1

n0.5
≥ c(n+ 1)(µn−1 − µn−1)n0.5
> cn1.5(µn−1 − µn−1)
for some positive constant c. Therefore, the lower bound on a valid bivariate lattice isΩ(n1.5(µn−1 − µn−1)). 
5.3. The dynamic range of the BDT binomial lattice
The dynamic range of the interest rate will be proved to be superpolynomial in magnitude for the BDT binomial lattice.
Recall that the dynamic range of the BDT binomial lattice at time step j − 1 is rjvj−1j − rj. We first prove that the first term
rjv
j−1
j = rje2(j−1)σj/
√
n is superpolynomial in j. Let fj denote the forward rate in period j. This forward rate can be derived from
the market discount function by fj = [D(j)/D(j+ 1)] − 1, where D(j) denotes the price of the zero-coupon bond maturing j
periods from now [24]. Build a binomial interest rate lattice with the baseline rates r∗j set by
r∗j =

2
1+ vj
j−1
fj. (21)
Theorem 5.4 ([24]). The binomial interest rate lattice constructed with the baseline rates r∗j overestimates the prices of risk-free
bonds when the short rate volatility is nonzero.
Theorem 5.5. The binomial interest rate lattice constructed with the forward rate vjfj instead of fj in Eq. (21) underestimates the
prices of risk-free bonds when the short rate volatility is nonzero.
Proof. See Appendix A. In fact, the proof of Theorem 5.4 is similar. 
According to Theorems 5.4 and 5.5, we have
r∗j < rj < r
∗
j vj. (22)
Then
rjv
j−1
j > r
∗
j v
j−1
j =

2
1+ vj
j−1
fjv
j−1
j =

2vj
1+ vj
j−1
fj, (23)
rjv
j−1
j < r
∗
j v
j
j =

2
1+ vj
j−1
fjv
j
j =

2vj
1+ vj
j−1
fjvj. (24)
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Define
A(n, j) ≡

2vj+1
1+ vj+1
j
=

2e2σj+1/
√
n
1+ e2σj+1/√n
j
.
Because 1+ e2σj+1/√n > 2,
A(n, j) <

2e2σj+1/
√
n
2
j
= e2jσj+1/
√
n. (25)
Therefore,
A(n, j) = O(dj/
√
n) (26)
for some constant d > 1.
For n sufficiently large, 2× 22σj+1/√n ≥ 1+ e2σj+1/√n. So
A(n, j) ≥

2e2σj+1/
√
n
2× 22σj+1/√n
j
=
 e
2
2jσj+1/√n
. (27)
As a result,
A(n, j) = Ω(dj/√n) (28)
for some constant d > 1.
According to expressions (23)–(25) and (27), for n sufficiently large,
A(n, j− 1)fj < rjvj−1j < A(n, j− 1)fjvj. (29)
As fj is constant and vj = e2σj/
√
n (recall Eq. (11)), inequality (29) confirms that rjv
j−1
j is superpolynomial in j. Next, we prove
that the dynamic range rjv
j−1
j − rj is also superpolynomial in j.
Theorem 5.6. The dynamic range grows superpolynomially at Ω(d (j−1)/
√
n) for some constant d > 1 for the BDT binomial
lattice.
Proof. From inequalities (22) and (29), we have
rjv
j−1
j − rj > r∗j vj−1j − r∗j vj
= r∗j vj−1j (1− v2−jj )
= A(n, j− 1)(1− v2−jj )
≥ A(n, j− 1)(1− v2j ) (30)
= Ω(d (j−1)/
√
n) (31)
for some constant d > 1. Above, inequality (30) holds because v2−jj is a decreasing function of j and Eq. (31) holds as vj is a
constant. 
5.4. Optimality of our bivariate lattices for log-normal interest rate models
Corollary 5.7. Our bivariate lattice for the BDT model has size O(n3.5d
√
n) for some constant d > 1.
Proof. By the definition of µk and expressions (28)–(29), µk ≡ rk+1vkk+1 − σ 2/(2n) > A(n, k)fj = Ω(d k/
√
n) for some
constant d > 1. Thus d(j) = O(n0.5∑j−1k=1 µk) for j sufficiently large because n0.5∑j−1k=1 µk2σ grows faster than 2j by expression
(18) for the BDTmodel. It is easy to see that the size of our bivariate latticewill beO(n2.5
∑n−1
k=1 µk) by Eq. (17). By expressions
(26) and (29), we know thatµk < A(n, k)fjvj = O(d k/
√
n) for some constant d > 1 for the BDTmodel. Therefore, our bivariate
lattice for the BDT model has size O(n3.5d
√
n) for some constant d > 1. 
Combining the above results, we have the following corollary.
Corollary 5.8. Our bivariate lattice for stock price and interest rate for the BDT model is optimal in that the growth rate of our
bivariate lattice is asymptotically at least as good as that of any valid constant-degree bivariate lattice.
Proof. According to Theorems 5.3 and 5.6, any constant-degree bivariate lattice for the BDT model must have size
Ω(n1.5d
√
n), a superpolynomial, for some constant d > 1. Combining this and Corollary 5.7, the claim is proved. 
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Fig. 8. The growth rate of the largest interest rate in the BDT binomial lattice. The line represents the log–log plot of the largest interest rate at the ith time
step in the BDT binomial lattice. The parameters: the initial stock price S0 = 15.006, the volatility of the stock price process σ = 0.350836, the maturity
T = 6, annualized yields of zero-coupon bonds for 1–6 years [ 0.05969, 0.06209, 0.06373, 0.06455, 0.06504, 0.06554 ], annualized short rate volatilities
all set to 0.2, ρ = 0, and the number of periods n = 400.
a
b
Fig. 9. The size of the bivariate lattice. (a) The line represents the log–log plot of the node count at the last time step versus the number of
periods (n). (b) The line represents the log–log plot of the node count of the whole lattice versus n. The parameters: the initial stock price S0 =
15.006, the volatility of the stock price process σ = 0.350836, the maturity T = 6, annualized yields of zero-coupon bonds for 1 to 6 years
[ 0.05969, 0.06209, 0.06373, 0.06455, 0.06504, 0.06554 ], annualized short rate volatilities all set to 0.2, and ρ = 0.
Fig. 8 illustrates the log–log plot of the largest interest rate at the ith time step in the BDT binomial lattice (i.e., ri+1vii+1)
versus i. Observe that the largest interest rate does grow superpolynomially in magnitude. Furthermore, Fig. 9(a) shows the
log–log plot of the node count at the last time step versus the number of periods (n), and Fig. 9(b) shows the log–log plot of
the node count of the whole lattice versus n. As confirmed in Fig. 9, both grow superpolynomially.
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6. Conclusions
Hung and Wang, and Chambers and Lu propose bivariate binomial lattices for pricing CBs with the BDT model; Hilliard
et al. propose bivariate binomial latticeswith normal interest ratemodels. However, this paper shows that these approaches
share a fundamental flaw: invalid transition probabilities. This paper then presents the first bivariate lattice to solve
the invalid transition probability problem with the trinomial lattice and mean-tracking techniques even for an interest
rate model that allows rates to grow in magnitude without bounds. We also prove that our bivariate lattice grows
(super)polynomially in size if the interest rate model allows rates to grow (super)polynomially. Furthermore, we show
that any valid constant-degree bivariate lattice for stock price and interest rate must grow superpolynomially in size when
the interest rate model allows rates to have a dynamic range that is superpolynomial in magnitude. As a result, our lattice
construction is optimal if the interest rate component is the BDTmodel. Incidentally, we have shown that the common way
of constructing bivariate lattices from univariate lattices is incorrect. Furthermore, this paper shows that a bivariate lattice
may need to grow much faster than the univariate lattices in order to free itself of invalid transition probabilities. Both
consequences are somewhat surprising.
Appendix. Proof of Theorem 5.5
Proof. We first prove Theorem 5.5 for two-period zero-coupon bonds.
Let the rate for the first period be r1 and the forward rate for the second period be f2. Suppose the binomial interest rate
lattice gives rh and rℓ for the second period. By construction, rh/rℓ = v1 and (rh + rℓ)/2 = v1f2. The price of a zero-coupon
bond two periods from now is priced by the lattice as
1
1+ r1
1
2

1
1+ rh +
1
1+ rℓ

.
Hence the problem is reduced to proving that
1
1+ r1
1
2

1
1+ rh +
1
1+ rℓ

− 1
(1+ r1)(1+ f2) ≤ 0.
Now,
1
1+ r1
1
2

1
1+ rh +
1
1+ rℓ

− 1
(1+ r1)(1+ f2) =
1
1+ r1

1
2

1
1+ rh +
1
1+ rℓ

− 1
1+ f2

= 1
1+ r1

1
2

2+ rh + rℓ
1+ rhrℓ + rh + rℓ

− 1
1+ f2

= 1
1+ r1

1+ v1f2
1+ rhrℓ + 2v1f2 −
1
1+ f2

= 1
1+ r1

(1− v1)f2 + v1f 22 − rhrℓ
(1+ rhrℓ + 2v1f2)(1+ f2)

.
Because the denominator in the above equation is positive and v1 ≥ 1, it suffices to prove
v1f 22 − rhrℓ ≤ 0.
By the well-known inequality between arithmetic and quadratic means and rh = v1rℓ, we indeed have
v1f 22 − rhrℓ =
1
v1
v21 f
2
2 − rhrℓ
≤ 1
v1
r2h + r2ℓ
2
− rhrℓ
= r
2
ℓ (1− v21)
2v1
≤ 0.
By the above results we know that the claim holds for lattices with two periods. Assume that the claim holds for lattices
with n − 1 periods and proceed to prove its validity for lattices with n periods. Suppose the lattice has the baseline rates
r1v1, r2v2, . . ., rnvn when the forward rates f1v1, f2v2, . . ., fnvn are used. (Recall that when the forward rates f1, f2, . . ., fn are
used to construct the lattice, the baseline rates are r1, r2, . . ., rn.) Denote this lattice by T (r1v1, . . . , rnvn). Split the lattice
into two (n−1)-period sublattices by taking out the root. The first lattice is denoted by T (r2v2, . . . , rnvn) and the second by
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T (r2v22, . . . , rnv
2
n). Let V (T ) denote the value of a security as evaluated by the binomial interest rate lattice T . By backward
induction,
V (T (r1v1, . . . , rnvn)) = T (r2v2, . . . , rnvn)+ T (r2v
2
2, . . . , rnv
2
n)
2(1+ r1v1) . (A.1)
Recall that a coupon bond can be thought of as a package of zero-coupon bonds. Therefore, it suffices to prove the claim
for zero-coupon bonds, and the claim follows by the linear additivity of the valuation process. Hence the problem is reduced
to proving
V (T (r1v1, . . . , rnvn)) ≤ 1
(1+ f1)(1+ f2) · · · (1+ fn) ,
where fj is the one-period forward rate for period j. By Eq. (21), fj = rj((1+ vj)/2)j−1. So T (r2v2, . . . , rnvn)’s forward rate in
period i is
f ′i = ri+1vi+1

1+ vi+1
2
i−1
= fi+1 2vi+11+ vi+1 . (A.2)
Similarly, T (r2v22, . . . , rnv
2
n)’s forward rate in period i is
f ′′i = ri+1v2i+1

1+ vi+1
2
i−1
= fi+1 2v
2
i+1
1+ vi+1 . (A.3)
Apply the induction hypothesis to each of the sublattices to obtain
T (r2v2, . . . , rnvn) ≤ 1
(1+ f ′1)(1+ f ′2) · · · (1+ f ′n−1)
,
T (r2v22, . . . , rnv
2
n) ≤
1
(1+ f ′′1 )(1+ f ′′2 ) · · · (1+ f ′′n−1)
.
Sum them to obtain
T (r2v2, . . . , rnvn)+ T (r2v22, . . . , rnv2n) ≤
1
(1+ f ′1)(1+ f ′2) · · · (1+ f ′n−1)
+ 1
(1+ f ′′1 )(1+ f ′′2 ) · · · (1+ f ′′n−1)
.
By Eq. (A.1), we are done if the following holds:
1
(1+ f ′1)(1+ f ′2) · · · (1+ f ′n−1)
+ 1
(1+ f ′′1 )(1+ f ′′2 ) · · · (1+ f ′′n−1)
≤ 2(1+ r1v1)
(1+ f1)(1+ f2) · · · (1+ fn) .
From Eqs. (A.2) and (A.3), we have f ′i ≥ fi+1 and f ′′i ≥ fi+1 because in the log-normal interest rate model, vj ≥ 1. So
(1+ f2) · · · (1+ fn)
(1+ f ′1)(1+ f ′2) · · · (1+ f ′n−1)
+ (1+ f2) · · · (1+ fn)
(1+ f ′′1 )(1+ f ′′2 ) · · · (1+ f ′′n−1)
≤ (1+ f2) · · · (1+ fn)
(1+ f2)(1+ f3) · · · (1+ fn) +
(1+ f2) · · · (1+ fn)
(1+ f2)(1+ f3) · · · (1+ fn)
= 2
≤ 2

1+ r1v1
1+ f1

. 
References
[1] S. Heston, A closed-form solution for optionswith stochastic volatilitywith applications to bond and currency Options, The Review of Financial Studies
6 (1993) 327–343.
[2] J. Hull, A. White, The pricing of options on assets with stochastic volatilities, The Journal of Finance 42 (1987) 281–300.
[3] E. Briys, F. DeVarenne, Valuing risky fixed rate debt: an extension, The Journal of Financial and Quantitative Analysis 32 (1997) 239–248.
[4] F. Longstaff, E. Schwartz, A simple approach to valuing risky fixed and floating rate debt, The Journal of Finance 50 (1995) 789–819.
[5] J. Cox, J. Ingersoll Jr, S. Ross, A Theory of the term structure of interest rates, Econometrica 53 (1985) 385–407.
[6] O. Vasicek, An equilibrium characterization of the term structure, Journal of Financial Economics 5 (1977) 177–188.
[7] T. Ho, S. Lee, Term structure movements and pricing interest rate contingent claims, The Journal of Finance 41 (1986) 1011–1029.
[8] F. Black, E. Derman, W. Toy, A one-factor model of interest rates and its application to treasury bond options, Financial Analysts Journal 46 (1990)
33–39.
[9] F. Black, P. Karasinski, Bond and option pricing when short rates are log-normal, Financial Analysts Journal 47 (1991) 52–59.
[10] U. Dothan, On the term structure of interest rates, Journal of Financial Economics 6 (1978) 59–69.
Y.-D. Lyuu, C.-J. Wang / Computers and Mathematics with Applications 61 (2011) 1107–1121 1121
[11] J. Hull, A. White, Pricing interest-rate-derivative securities, The Review of Financial Studies 3 (1990) 573–592.
[12] J. Hull, A. White, Numerical procedures for implementing term structure models II, The Journal of Derivatives 2 (1994) 37–48.
[13] G. Bierwag, The Ho–Lee binomial stochastic process and duration, The Journal of Fixed Income 6 (1996) 76–87.
[14] E. Canabarro, Where do one-factor interest rate models fail?, The Journal of Fixed Income 5 (1995) 31–52.
[15] A. Li, P. Ritchken, L. Sankarasubramanian, Lattice models for pricing American interest rate claims, The Journal of Finance 50 (1995) 719–737.
[16] M. Hung, J. Wang, Pricing convertible bonds subject to default risk, The Journal of Derivatives 10 (2002) 75–87.
[17] D. Chambers, Q. Lu, A tree model for pricing convertible bonds with equity, interest rate, and default risk, The Journal of Derivatives 14 (2007) 25–46.
[18] J. Hilliard, A. Schwartz, A. Tucker, Bivariate binomial options pricing with generalized interest rate processes, Journal of Financial Research 19 (1996)
585–602.
[19] T. Dai, Efficient option pricing on stocks paying discrete or path-dependent dividends with the stair tree, Quantitative Finance 9 (2009) 827–838.
[20] Y. Lyuu, C. Wu, On accurate and provably efficient GARCH option pricing algorithms, Quantitative Finance 5 (2005) 181–198.
[21] F. Black, M. Scholes, The pricing of options and corporate liabilities, Journal of Political Economy 81 (1973) 637.
[22] S. Shreve, Stochastic Calculus for Finance: Continuous-Time Models, Springer, 2004.
[23] J. Cox, S. Ross, M. Rubinstein, Option pricing: a simplified approach, Journal of Financial Economics 7 (1979) 229–263.
[24] Y. Lyuu, Financial Engineering and Computation: Principles, Mathematics, Algorithms, Cambridge University Press, 2002.
[25] D. Duffie, Dynamic Asset Pricing Theory, Princeton University Press Princeton, NJ, 1996.
[26] P. Boyle, K. Tan, W. Tian, Calibrating the Black–Derman–Toy model: some theoretical results, Applied Mathematical Finance 8 (2001) 27–48.
[27] Y. Lyuu, A general computational method for calibration based on differential trees, The Journal of Derivatives 7 (1999) 79–90.
[28] D. Nelson, K. Ramaswamy, Simple binomial processes as diffusion approximations in financial models, The Review of Financial Studies 3 (1990)
393–430.
[29] P. Ritchken, R. Trevor, Pricing options under generalized GARCH and stochastic volatility processes, Journal of Finance (1999) 377–402.
